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Hence the following representation of Nevanlinna [9, p. 187] holds: Except for at most a countable set of 0, -tt¿0<tt, the limit i/'(ö)=limr_1 \% H(rei(") d</> exists; i/)(0) is a function of bounded variation and for \z^\ < 1, (2.2) *w-¿/_>£=!!*<* where the integral is the Stieltjes integral. We set where 61 and B2 are defined by tan (0J2) = -(2/Ä) and tan(02/2) = (2/R) (-77 < 0! < 02 < 7r) respectively.
Let -H(C, Z]) denote the conjugate harmonic function of the Green function for |zi|<l. Then for -7rg0<01, 02<0^tt and real t, This theorem is an extension of a theorem of F. and R. Nevanlinna [8] . Let /¿*(ec) be a mass distribution which may be written as the difference of two stricken nonnegative mass distributions ^(e;) and /u2(ec) defined for the Borel sets e in D respectively. Then, from the proof of this theorem, we easily get Let E(p, e) denote a set {r ^ |z| < p -e, p + e g |z| < R, |arg z| < 7r/2 -e (e > 0)}. By the Carleman method [6] we consider the integral / = (1/2770 if (z~2 + p~2)log{(z+ Z)(R2-z£)/(z-0(R2+zQ>} dp*(e<) dz
taken along the contour of the domain {|argz| <7r/2, rx< \z\ <p (r1<r)} in the positive sense, starting from the point z=-ip with a fixed determination of the logarithm. Then letting rx -> 0 for fixed r, we get m=-\ Ul-^)dp*(er)
+ -í f gR(pe{\ 0 cos <f> dp.*(e¿) d<f>.
ttp J -nl2 JçeD Again, integrating by parts and using the theorem of residues, we get (2.8) mi= f (p-2-\L.\-2)mi;dp.*(e¿.
Je(í>.s)3C; ICI <p-e From (2.6) J"lc|<" mt\dp*(e¿\ < +oo. Therefore from (2.7) and (2.8), we find as e -*> 0 and r -> 0 (2.9) -f f gR(pe1*, 0 cos </> dp.*(e:) d<f> ttp J -%I2 Jceü = f 0» " 2 -* -W <***(«e) + f (81Í -x -R -2m) dp*(eK).
J\r\<P Jp£iC\<R
Accordingly, by using the same method as [6, p. 247] or [7] for h(z) we obtain the following equalitŷ = -f P~2n dp*(eK)-f n-1 dp*(e,) wherem(p) = (\/tr) ¡+_nJ22 u(pe*) cos </> d<f> and m*(R) = (l/^) /!*{* cos <f> d4>(<p). Thus, using the partial integration for jpSW<R 9r.£_1 dp.*(e¿) and ¡pSm<¡¡ t~2 <T¥(t) respectively, we get the following result closely related to Carleman's theorem. Proof. Since the equality m(p)/P = 2 j* (A(t)/t3) dt+m*(R)/R for 0<Px<p<R is obtained from Theorem 3, by using (2.11) we get »»o»i)_, r Amdt+miñ. 3i Jo,.
Pi JP1 t P Therefore (I) holds. Next, from (2.11) we get dO^ld (?) -«"
for almost every p. Hence (II) holds. By using Theorem 2, we get the following Theorems 5-8 related to the half-plane.
Theorem 5. Let u(z) be a function in 9iz>0 represented as the difference of two subharmonic functions which have positive harmonic majorants in an arbitrary bounded subdomain in 9îz>0. Then there exist a function ^(t) of bounded variation defined in the finite imaginary axis and a stricken mass distribution p*(eK) defined for the Borel sets e in dtz > 0 and represented as the difference of two nonnegative mass distributions, and for all p and R(0<p<R< +oo), Mp) _o CRA(t)M¡m(R) P where A(t)= -/m<< ÎRÇ d^*(ec) + (l/2w) J|t|<t dY(r) and m(R) = -f u(Rei"') cos <f> dp.
Proof. Define two domains D1{dtz>0, \z\<Rj} and D2{ÎHz>0, |z|<i?2} for 0<R1<R2< +oD. Then applying the proof of Theorem 4 and using the result of the uniqueness of positive mass distribution, there exists the stricken mass distribution p*(e¿) defined in this theorem, and we find for arbitrary positive numbers p and R such that 0 < p < R < Ru (2.12) stí.2f^í*+síp is a convex function of R ~2, and the case A2(t) = 0 of this result is due to Tsuji [12] . 2.2. Higher Classes. In this section, we shall improve the conclusion of Theorem 5 and study the behavior of mass distributions of higher classes. For this we start from an application of the representation of (2.6). If t> \z\, then Taylor's expansion for l/(z -it) shows that 1 1 +? / ?\ n +?
Therefore, applying the elementary integration <2-14> I ¡Z RS¿5sin w(7r/2~ö) * -27^'
and also using the same method as (2.14) we find for \z\>t
Thus from (2.14) and (2.15), we get
• + a/2 r + R 1 77 J_.
(2.16)
By the same method as (2.16), we find
Next, 9îei,I<n + 1>/2/-zn = sin n(-n-/2 -0)/rn is harmonic in 9îz>0. Therefore we find T'* I f "" «(Jte^JW*, re-) ™*W2-g) ^ Ĵ -r.12 't J -J1I2 r (2.18) = f+ '2 w(tef*) -f " '2 Sm"(7rn/2~g) A2s(re'9, /le») ¿0 dp (XII). Let $rrlt-l2n + 1)A*(t)dt be bounded above for l<r1<r2<+co and lim infr_ + " (m(r, n)/rn)< +oo. Then m(r, n)/rn and ¡\ t ~l2n + "A*(t) dt are bounded respectively for 1 <r< +oo.
(XIII). Let jll t-{2n + 1)A*(t) dKefor all0<r1<r2<s if s is selected sufficiently
small for an arbitrary positive e. Then limr_0 (m(r, ri)/rn) = p% (-oo ^ p% < +co) exists, and if p* > -oo, then jl t -(2n + »A*(t) dt converges.
(XIV). Let jl t-(2n + »A*(t) dt be bounded above for 0 < r < 1 and ,. m(r,n) hm sup " > -co.
r-o F rn
Then \) t~{2n + 1)A*(t) dt and m(r, n)/rn are bounded respectively for 0<r< 1.
If we write At(t) = (l/n)^<tk(t)dp*(eK), A*2(t) = (l/2rr) f|t|<( r1-1 dY(r) and S*(R) = 2n Jf (At(t)/t2n + 1) dt+(m(R, n)/Rn) for R>e>0, then from (2.24), for R > p > E,^A ip S*(P) = 2nj*0¡dt + S*(R).
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Hence we get Theorem 11. Let u(z) satisfy the hypotheses of Theorem 6. Then we can assert the following: For a= +1 or -1 and t>0, (XV) . IfoA\*(t)¿0, then aS*(t) is a continuous and nondecreasing function for t. (XVI). IfaA^(t) is a nonincreasing function oft, then oS*(t) is a convex function of\/t2\
If we write T*(R) = 2n fR (A\*(t)/t2n + 1) dt+(m(R,n)/Rn)ïor 0<e<R, then from (2.24), for R>/»>«, T*(p) = 2nj*0£dt + T*(R).
Hence we get Theorem 12. If, in addition to the hypotheses of Theorem 8, n is odd, then we can assert the following: For r>0,
(XVII). T*(t) is a continuous and nondecreasing function oft, and (XVIII). T*(t) is a convex function of l/r2n.
Theorems 11 and 12 contain Theorems 7 and 8 respectively.
3. Representation theorems. First, we shall state the following fundamental representation theorem. The case where « = 1 contains the results by Boas and R. Nevanlinna (see [3] ).
Proof. By using Taylor's expansion, we write ,R2-zl 2 ^ 1 tz\* (3.13) = -2 l f %sin ^z2 -ö)sin w -*> **(*)• k^n + lK Je<K\<R * t = té*.
Then by using (3.7) and the inequality (1/A) sin K(TT/2-<p)^ir/2-(pStan (n-ß-cp), 0<<f>< 77/2, we get (3.14) lim v(z,R) = 0.
B-> + 00
Next, by conditions (3.8) and (3.9), condition (2.25) holds obviously. An application of (XI) in Theorem 10 shows that j*°° (l/t2n + 1)A*(t) dt converges. Therefore j;°° (l/ran + 1MÎ(/) dt and J";°° (l/tan+1)A*(t) dt converge, where Af(t) and At(t) are defined in Theorem 11. As ]+Doe (l/t2n + 1)A%(t) dt converges,
for all r2 > ri > N if N is selected sufficiently large for an arbitrary positive e. Hence,
Thus by (3.15) and (3.16), we get the existence of the finite limit, i.e., (3.17) lim f -^n cP¥(t) exists (finite limit).
I--. + CO J|(|<r t
Using the same method as the above, we have (3.18) lim f r-2nK(l,ri)dp*(e¿ = 0.
r-» + oo J|c|<r
On the other hand, by conditions (3.7), (3.10), and (3.11), we find also for 0= ± 1 (3.19) lim {' on + 1-^cP¥(ot) exist (finite limit). + -£-lSmnfe-0JjdY(t).
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Therefore, applying the second mean value theorem (with slight modification) for the first integral of the last side, the absolute value of this integral is less than e for all r2>rx>N if N is selected sufficiently large for an arbitrary positive e.
Hence by (3.17), Accordingly, by using the same method as the above, from (3.17) and (3.19) we get Thus applying Theorem 13, (3.12) holds.
Theorem 16. Let u(z) satisfy the hypotheses of Theorem 12. Suppose that conditions (3.5), (3.7), (3.9), and (3.11) are satisfied. Then (3.12) holds.
Proof. As u(z) satisfies the PL boundary condition and n is odd, (3.8) is obtained. If we use the same method as in the proof of Theorem 15, we find (3.15). Therefore, we get for <r= + 1, (3.22) lim f t-n-1dxF(at) exist (finite limit); r-> + oo Je and (3.22) implies (3.8). Hence, applying Theorem 15, we get (3.12).
The following theorem is easily obtained.
Theorem 17. Let u(z) be a function in the half-plane 9tz>0 represented as the difference of two harmonic functions having positive harmonic majorants in an arbitrary bounded subdomain of¡ñz>0. Suppose that conditions (3.5), (3.8) , (3.10) , and Proof. By conditions (4.2) and (4.23) we find that jrT\ t -2n~1A*(t) dt is bounded above for 1 < rx < r2 < + oo. Hence, by applying (XII) in Theorem 10, for a= + 1, rr2 i (4.24) an -f^rj (r¥(ot) are bounded for 1 < rx < r2 < +oo f2 " 1 from (3.5). Thus we easily see the conclusion of this theorem. The following theorem is easily obtained. 
